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Wrenches at O

aft

First Task: Understand overall wrench contribution.

Recall:
a.
[ fp] <  force € R3
>~ |n| « moment € R3
b.

T
F,=Adl F,

Applying this to the figure, we have: F, = AdZMFCi = Ad§,1‘ e,



Once all the generalized forces are expressed in the O-frame, we can sum the
forces from the contact frames C4, ..., C,

Fo = i Adg;,ioFCi
i=1

to obtain the total wrench acting at O.

Note
-1 _ Roci Poc; - _ R;l;ci _Rgcipoci
Joei =1 0 1 0 1
AdT F. = chi _Rgcipoci Rg:;l T _ ROC-; 0
go_cli “ 0 Rgci _pt;ci Roci Roci

RATpRT =RTp, from chapter 2 of MLS



What wrenches can we apply?

a. Frictionless Model in R3

f.. € FC  FC, ={f|f >0}

i

S oo~ OO

b. Coulomb Friction Model in R3

Slipping starts when |ft| > puf™, so we want |f!| < uf™ and a = tan™! p
In Normalized Coordinates

fa fa
f= ;.y fr=f =1 =2+ 15
z 0



So,

We can apply wrenches in the form

fCi fCi EFCCi gRS

OO OO O
[ NeNell =]
oo o~ OO

FC., = {f e R*|\/f2 + f3 < nfs, f3 > 0}
Examples of Friction Coeflicients
steel on steel: 0.58

wood on metal: 0.2 - 0.6
rubber on solid: 1-4

Caveats

How do we estimate u?
Do we know the material properties (to the first order)?

How do we account for environmental factors such as dust and mois-
ture?



c. Soft Finger Contact: Additional ability to apply torque along normal

-

Wrenches take the form

fCi fCieFCci QIR»4

SO O OO
[Nl =]
oSO oo~ OO
OO OO oo

FC., ={f e R¥\/f2+ f3 < pufs, f3 > 0,|fa] <vf3}

where + is the torsional friction coefficient.



The Planar Case

Recall that planar wrenches live R? and
fo € ]R2 _ T fCi
|:7'0 eR _Adgicli Tes

o Al
N (_pypx)Rci, 1 Te;

Chooses C; coordinates so that y-axis points in inwards normal direction.

&
(] = x
p) Y v} [

1. Frictionless point contact:

0

1 fci fCi>0 FCCi:{fCiG]R‘:fCi Z}
0

2. Point contact with friction:

1 0
0 1 fci fCI>O FCCL:{fCLE]R’3||f1|<Mf27f220}
0 0

Let us denote by p =6 (in 3D) and p = 3 (in 2D) the dimension of the wrench
space.



The Grasp Map

Observe: We madel a contact using a wrench basis B., € RP*™ and a friction
cone F'C,;,. The allowable wrench forces are given by

Fci:BCifCi fCi eFCCz‘
Recall

Roe, 0

— T o
fo= Adgo_(}i FCi a |:_p$ciRoci ROCi BCifC“ fci € FCCi

Define G; := Adz};nBci € RP*™i_then the total wrench for k contacts is

fed
k .
Fo =) Gife=[G1 . . . Gy
i=1 .
fex
and we call
G=[Gi . . . G = [AdZJJI Be, . . . Ad;clchk} c RPXE m

The Grasp Map and the object wrench can be written as

FO:GfC7 fceFC

k
where fo = (fey, s fer,) ER™, FC =FC. X ... Xx FC¢,,and m = Y, my

=1



Grasping

Definition C C R" is called a convexr cone for any z,y € C and «, 8 > 0 s.t.

ax + Py € C.
Examples in 2d

eo«,x, Jd!xz_:{' fo(_oj fo()(\c()o:ﬂ

Examples in 3d

Lemma F'C C R™ is a convex cone.
Proof

Let f,f' € FC and ayf >0, f = (f1,..., fr) € FC = FCy x ... x FC},
=, fr) € FC
af +Bf € FC & of; + fl € FC;, Vi

but each F'C; is a convex cone (exercise).



Abstract View

Question 1: Which cone is better?
Question 2: Could we use a grasp in other cases?

zarmn-la

Definition

A grasp is a force-closure grasp if given any external wrench F, € RP applied
to the object, there exists contact forces f. € FC such that

Lemma A grasp is in force-closure if and only if G(FC) = RP

Definition
If fy € N(G)NFC then fy is an internal force. If fy € N(G), then it is called
a strictly internal force.

Proposition (Necessity of Internal Forces)
A grasp is in force-closure if and only if G is a surjective map and there exists
a vector of contact forces fy € N(G) such that fy € int(FC).



Why surjectivity is not enough

FG

/ 5L«f\j“—'

Proof
Suppose G is surjective and fy € int(FC) N NG. Let F, € RP. Let f. s.t.
F, = Gf! (G is surjective!)
/ /
Note that lim Jetaly = lim =¢ + fy = fv € Int(FC)

a— 00 (6] a—oo (X

Hence, by the fact that fy € int(FC), 3o’ > 0 s.t. fit = féz# € int(FC)
Now f. = fl+d'fn € int(FC) and Gf. = Gf. + aGfn € FC,
so Gfl=F, f. € FC, so G is in force closure.

On the other hand, suppose the grasp is in force-closure. Pick f; € int(FC)
and let F, = G f;.

Then 3f; € FC where —F, = G f>

Then define fy = f1 + f2, Gfy =0 and fy € int(FC) as f; € FC
Furthermore, G(FC) =R" = G(R™) =R™
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Example Grasp with frictionless point contacts

0
0
[ R, 0] |1
= ¢ ) >
FO _ﬁciRi Rci 0 fc” fc,,_O
0
0
~ 0 -
R.. |0
1 0
= fcl Ne, = RQ 0
0 1
ﬁCiRCi 0
L 1 -
- e,
~ e ] 5
So
Jes
I |
Dey X Ney ceo Pey X [z )
fer

G(FC) = RS < positive linear combination of columns span RE.

Similarly in R?

i 0
e [ ﬂ 1] £
~ [Py ;zx}anc>:| é e
a_ Ne, Ne,
([P DPra]ine,) o ([~Pry Pha] e,
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Force Closure

Are these grasps in force closure?

Gi = |:< [_py ;z} ani>:|
note:
<[*py px] ) [nw ny]> = —DyNg + Pay

if [ne ny] =apx pyl, then ([—py pz],[ne ny]) =0

SoG= |z .. x
0 ... 0
Similarly, in 3d, G; =
pXn

Do exercise in book!

[l
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Definition: A set S C R" is convez if and only if for all z,y € S

A+ (1—XNzeS Vrelo,1]

Intuition Write Ay + (1 = Nz =2 + A(y — x)

Definition: For S C R" the convex hull co(5) is the smallest set s.t. S C co(.5)
and co(S) is convex.

T

Ny
™\

For a finite set of points, S = {vy1,...,v5} CR"”
k
co(S) ={v= > awil{a; = 1,04 > 0}}
i=1

i
/
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Basic Theorem If S C R™ is convex and ¢ ¢ S then 3 a hyperplane
Hy(c) = {z € R™;v'(z — ¢) =0}

and
S C {z|v'(x — ¢) > 0}

Proposition
Consider a grasp with frictionless point contacts and grasp matrix G € RP*™ G =
(G1, .., Gin)

The following are equivalent:

1. The grasp is in force closure
2. {Z OJZ'GZ‘|OQ' > 0} = RP
i=1

3. co({G1,...,Gmn})NB.(0) #0
for some small » > 0 (the convex hull contains a neighborhood of the
origin)

4. v e RP, 0 #0s.t. v-G; > 0Vi € {1,...,m}
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Pictures

O ey iR
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A problem with force closure

|

Question: How good is a given force closure grasp?
Idea: We want to be able to resist a given wrench F,.

Fo:ch

with as little applied force at each contact as possible.

/r\ .

N/ <

This leads to the idea of “grasp quality”

We consider “Planning Optimal Grasps” C.Ferrari and J.Canny, ICRA 92
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Consider

m
fi = Zai,jfi,j
=1

Corresponding wrench with ||f|| < 1:

¢ X fi
m
=D oy L, J:ff ]
=1 to
;5 >0, Zai,j <1

Total wrench for contacts cy, ..., ¢,

0= 0= a, [ ff}
=1

=1 j=1

@i 20, Zam‘ <1
ie. we Wr, =co(W, li € {1,...,n},j €{l,...,m})
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Let [l = 11| /] = /I AP

T}

By(0) = {w € RP|[Jw|| < r}
F&C compute a grasp quality metric in terms of the largest ball in Wi, around
the origin.

Issues
Computation relies on discetization
Continuous?
Upper and lower bounds
Gradients and optimization
Friction coefficient!

(a) Robotic Grasping and Contact: A review (Bicchi et al)
(b) Grasp Quality Measures (R Suarez et al)

(c) Classical Grasp Quality Evaluation: New Algorithms and Theory
(Pokorny)
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